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Abstract

We study the efficiency properties of equilibria in a neighborhood of economies with Pareto
optimal (PO) initial endowments, when the number of agents is finitely large. We provide
conditions under which, for all the economies in some open neighborhood of the PO ref-
erence economy, all the equilibria are constrained PO (CPO). We also provide conditions
under which each open neighborhood of these exceptional PO economies contains both
open sets of economies with CPO equilibria and open sets of economies where CPO fails.

Zusammenfassung

Wir untersuchen die Effizienzeigenschaften von Gleichgewichten in einer ékonomischen
Umgebung mit Pareto-optimale (PO) Anfangsausstattungen, wenn die Anzahl der Agenten
endlich groB ist. Wir zeigen Bedingungen, unter denen fir alle Volkswirtschaften in einer of-
fenen Umgebung der PO-Referenzékonomie, alle Gleichgewichte beschrénkte PO (CPO)
sind. Wir zeigen auch Bedingungen, unter denen jede offene Umgebung dieser auBBerge-
wohnlichen PO-Okonomien sowohl offene Mengen von Okonomien mit CPO-Gleichgewichten
enthalt als auch offene Mengen von Okonomien, in denen CPO versagt.

JEL classification: D51, D52

Keywords: GEI, constrained Pareto inefficiency, numeraire assets.
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1 Introduction

The purpose of this paper is to study the efficiency properties of equilibria when
financial markets are incomplete. We adopt the notion of constrained efficiency (CPO)
introduced in the literature by Geanakoplos and Polemarchakis (1986):' an equilibrium
allocation is CPO if it is not Pareto inferior to an allocation obtained perturbing portfolios
and adjusting commodity prices to restore the equilibrium on these markets. Our focus is
on economies close to the ones with a PO equilibrium. In GEl models, this set is
exceptional (i.e., it is close and nowhere dense), but it is still of interest for both
technical and substantive reasons which we will discuss later on.

When the number of agents is small - compared to the one of nhon-numeraire commodities
- equilibria are generically CP inefficient, see Geanakoplos and Polemarchakis (1986) and
Citanna et alii (1998). Pareto efficiency of e quilibria may o ccur, but a generic perturba-
tion of the parameters of the economy suffices to restore lackof CPO. Whenthereis a
large, but finite, number of agents, neither CPO nor lack of CPO are generic properties.®
However, the analytical approach pursued in the literature necessarily fails for this class of
economies, because it can be applied only if the number of agents is smaller than the one
of non-numeraire commodities.

With many agents, the main difficulty in the analysis of CPO is that this is a global property.
This means that we need to take into account the allocations associated with each feasible
portfolio reallocation. Apart from special cases, it is doubtful that we can reach significant
results. There are, however, several classes of economies such that we can sidestep this
difficulty b ecause, if a Pareto d ominant portfolio e xists, it must b e arbitrarily close to the
equilibrium portfolio. Therefore, a local analysis of the properties of equilibria suffices.
This is the case, for instance, for economies sufficiently close to the ones with identical,
homothetic state preference. Some results for this class of economies are reported in Men-
dolicchio and Pietra (2016). Here, we consider economies lying in open neighborhoods of
economies with a Pareto optimal equilibrium. We provide two results. Consider an econ-
omy with a Pareto optimal equilibrium and more agents (H) than non-numeraire commodi-
ties ((S + 1)(C — 1)). If the matrix of the excess demand functions satisfies the generic
full row rank condition and the volume of trade is sufficiently small, then all the economies
in some open neighborhood of this exceptional economy have a unique CPO equilibrium.
This follows from two properties: the full row rank condition guarantees that there are no
Pareto superior feasible portfolios arbitrarily close to the equilibrium one. Pareto optimality
of the equilibrium, and sufficiently small volume of trade, guarantee that, if a Pareto domi-
nating portfolio exists, it must be arbitrarily close to the equilibrium one. This property plays
a key role in our argument, since we also show that, for all the economies sufficiently close
to one with a Pareto optimal, no-trade equilibrium, CPO equilibria can be obtained as a
solution to a well-defined, locally strictly-concave problem, so that the first order conditions
of this optimization problem characterize the CPO allocations. On the other hand, if the

' See also Stiglitz (1982).

The restriction to economies with a finite number of agents is essential. As reported in Citanna et alii (1998),
unpublished work by Mas-Colell (1987) and Kajii (1992) shows that in large economies with well-dispersed
characteristics equilibria are typically CPO.
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Pareto optimal equilibrium is characterized by no-trade, then each neighborhood of the PO
economy contains open sets of economies with a unique CPO equilibrium, and open sets
of economies with a unique non CPO equilibrium. Evidently, the set of PO economies with
no-trade is lower dimensional with respect to the set of economies with a PO equilibrium.
However, all the sets we construct are open, so that the two sets of economies, with and
without CPO equilibria, have the same topological dimension.® This second result is some-
what counterintuitive. Economies with PO initial endowment are the canonical example of
well-behaved economies in terms of regularity and comparative statics. In our framework,
they are the intersection in parameter space of paths of economies with CPO equilibria
and of other paths of economies with non CPO equilibria. This is made clear by the exam-
ple concluding the paper. The technical explanation is that, at PO allocations, we have a
collapse of the rank of the matrix describing the derivatives of the indirect utility functions
with respect to prices: when there is no-trade, this matrix is nil. Arbitrarily small changes
in the parameters, i.e., endowments and utilities, may generate matrices spanning com-
pletely different subspaces: some perturbations of the matrix, i.e., of the economy, allow
for the existence of a Pareto improving price perturbation, other do not allow for them. For
economies close to the original, reference, economy with a no-trade PO equilibrium, this is
enough to imply, respectively, lack of CPO or CPO of equilibria.

In the next section, we briefly describe the canonical GElI model and our notation. The
main results are reported in Section 3, where we also propose three parametric examples
constructed for economies in a neighborhood of an economy with a PO allocation. In the
first, all the equilibria of economies in some open neighborhood of the original economy are
CPO. The second and third show that, in each neighborhood of another economy with a
PO allocation, there are open sets of economies with a unique CPO equilibrium and other
open sets where the unique equilibrium is not CPO.

2 The Model

The model is a standard two-periods GEI model with numeraire assets. There is a finite set
of agents (h = 1, ..., H), and a finite set of commodities (¢ = 1, ..., C) at each spot, denoted
by s =0,..., S. Spot s = 0 is today, s > 0 is a state of the world in the next period. A
consumption plan is ;, = (29,2}, ..., 27) € RSFSH)C, a portfolio is by, = (b}, ..., b} ) € R”.
Commodity prices are p = (p°,p', ...,p°%) € R(f:l)c, asset prices are ¢ = (¢*,...,q”) €
R’. We normalize the price of good 1 at each spot. Asset payoffs are defined in terms
of the numeraire commodities and described by a full rank, (S x .J) matrix R with rows in

general position,

]T is the ((S + 1) x J) assets’ price-payoffs matrix.

Y(q) = [-¢", R”

3 The space of economies is parameterized by endowments and utility functions. Therefore, there is no
canonical measure theoretic notion of size.
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Finally, u, (xp) is agent h’s utility function, satisfying the standard assumptions for the
differential analysis of equilibria:

Assumption U: For each h, uy, (1) is strictly monotone, C?, differentiably strictly quasi-
concave in xp, and satisfies the boundary conditions: for each z; > 0, the closure of the
set {xp : up(xp) > up(xy)} is contained in Rfjl)c.

Letwy, = (w)), wp, ..., w) € Rfjl)o be the initial endowment vector. Define p® (2§ — wj) =
p*¢;; for each s and set p¢j, = [p°C), ..., p°¢P] € RO

Consumers’ behavior is described as the optimal solution to the problem: Given (p, q),
choose (xp,by) € argmaxuy, () subjectto plp = Y (q)bp. (U)

Let \, € Riil be the vector of Lagrange multipliers associated with the optimal solu-
tion to problem (U), V4 (p, q) be agent &'s indirect utility function, and XN/h(p, q,Eh) be the
Eh—conditional indirect utility function, which associates the maximum attainable level of
utility with prices (p, ¢) and an exogenously given portfolio by,

We use "~" to denote functions and variables referred to the b—conditional economy, and
the superscript "T" to denote column vectors. Finally, our notation will specify that the de-
mand functions depend upon (w, u) just when required to avoid possible misunderstand-
ings.

An equilibrium is a price vector (p, g) with associated allocation and portfolio profile {..., (Z5, bs), ...}
such that:

a. for each h, (Z,, by,) solves problem (U) given (p, q),

b. >, ¢, =0and ", b, =0.

Given an equilibrium (p,q), and a portfolio b with Zhgh = 0, a b—conditional equilibrium

is a price vector (p, q) with allocation Z such that:

c. for each h, 7}, solves problem (U) given (p,q) and Eh,

d. 3, ¢ = 0.

As standard, when testing for the existence of a Pareto superiorg—conditional equilibrium,
we keep fixed the vector of asset prices at their equilibrium level and, of course, we just
consider feasible portfolio reallocations.

We parameterize the set of economies in terms of endowments and utility functions, and

we identify the space of economies with £ = Rfjl)CH x U. An economy is (w,u) € &,
where Rfjl)CH is endowed with the standard topology, ¢/ with the C2, compact-open

topology, and £ with the product topology, making it into a metric space. Since our results
necessarily require perturbations of the utility functions, a set of economies is generic if
and only if it is an open and dense subset of £.

By the appropriate version of Walras’ law, we can ignore the market clearing conditions
for commodity 1 at each spot. Hence, an equilibrium is a zero of the system of the re-
maining ((S + 1) (C — 1) + J) market clearing equations. We will use z, = (z},...,2}) €
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RSHD(C-1) g denote the vector of the excess demand for the non-numeraire commodi-
ties.

Let’s now formalize the notion of CPO adopted in this paper:

An equilibrium (p, q) is constrained Pareto optimal (CPO) if there is no profileg = {.._,Zh, }

with >, by, = 0 such that the associated b—conditional equilibrium 7 satisfies V;, (p,q, Eh) >
V1 (D, q), for each h, with at least one strict inequality.

This is also the one adopted in Geanakoplos and Polemarchakis (1986). The only differ-
ence is that, in their paper, there is no period zero consumption. In our analysis, we do not
impose gby, = qby,, for each agent h. This additional restriction would have no effect on our
results.

3 Main Results

We now consider the nexus between economies with a Pareto optimal equilibrium alloca-
tion and economies with CPO, and non CPO, equilibria. Evidently, under market incom-
pleteness, Pareto efficiency of equilibria holds for an exceptional (i.e., closed and nowhere
dense) set of economies. What is of interest here are the constrained efficiency proper-
ties of economies which are arbitrarily closed to this exceptional set. As well-known, lack
of CPO is a generic property when the number of agents is sufficiently small (i.e., when
H < (S+1)(C+1)). We are going to show that, when H > (S + 1)(C + 1), there
is no unambiguous connection between full PO of the equilibria of an economy and CPO
properties of the equilibria of the economies close by.

In economies with a finitely large number of agents, there is a basic difficulty one needs to
tackle: CPO (or its lack) for the equilibrium of an economy is a statement on the properties
of the entire set of b—conditional equilibria, so that a local analysis does not suffice, in
general. However, if we are concerned with equilibria of economies sufficiently close to
the one of an economy with a PO equilibrium, local analysis is actually enough, since,
as we will establish, a Pareto superior b—conditional equilibrium, if it exists, cannot be
bounded away from the actual equilibrium. Even for these sets of economies, there is
an additional difficulty, related to the welfare effects of the price adjustments induced by
an exogenously given portfolio perturbation. These effects are essential for the analysis,
since they are the cause for the possible lack of CPO, but, in general, they make hard to
find a simple characterization of CPO (or not CPO) equilibria, even locally. There are two
reasonably general sets of economies such that this difficulty can be side-stepped. For
economies with state-preferences sufficiently close to be homothetic and identical across
consumers, the price adjustments are suitably small. As it turns out, CPO equilibria can
be written as the optimal solution to a well-defined, and strictly concave, planning problem,
so that the first order conditions of this problem provide a characterization of CPO. This
is the approach exploited in Mendolicchio and Pietra (2016), where we go through the
details of the argument. A second class of economies such that we can exploit a similar
characterization is given by the ones closed to an economy with a no-trade PO allocation,
as we will establish in Lemma 4.
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Let’s start with an informal discussion. By the generalization of Roy’s Lemma to sequential

economies, % = —\jz;¢. Let A(), z) be the, normalized, induced ((S + 1)(C — 1) x H)

matrix, for an economy (@, ):

ANZ) =
_ M =S80 _Ag =02
021 S0 FH
1 H

Evidently, at each PO allocation, A(X,z) [1, ..., 1] = 0. Consider some open neighborhood
of (w,u), Bs (w,u). If, for each (w,u) € Bs(w,u), there is a strictly positive solution to
A(), 2)¢" = 0 at its equilibrium, then, by Stiemke’s Lemma, there is no price perturbation

i

dp such that %A(A,z) >> (. Hence, the equilibrium allocation is, at least locally, CPO.
On the other hand, if there is no strictly positive solution to A(), z)¢” = 0, then there is
d%such that d—pLA()\,z) >> 0, so that the equilibrium is definitely not CPO. For the time
being, let’s just consider the span of A(), z). Suppose that A()\, Z) has maximal row rank
(S + 1)(C —1). To fix ideas, assume that the submatrix given by the first (S + 1)(C' — 1)
columns of A(X, %), call it A\(X,Z) has full rank. Let A~(\,Z) be the matrix given by the
its last columns. Then, A\(X,2) [1]\ = A=(X,2)¢~ T, given ¢~ = [1] € Rf;(sﬂ)(o_l),
has a unique solution, ¢\ = [1] € R(ffl)(c_l). Since A\(), %) is a full rank, square matrix,
by continuity of the equilibrium, for (w,u) € Bjs (w,u), there is a strictly positive solution
®\ to A(X, 2)¢” = 0. Hence, the equilibrium can be CPO. Evidently, the argument rests in
an essential way on the row rank of A(J, z) at the reference PO allocation. Whenever the
row rank of A(,z) is lower than (S + 1)(C — 1), it is possible that there are open sets of
economies in B; (, @) (in fact, in each open set B (@,w)) such that A()\, 2)¢” = 0 has no
strictly positive solution, which implies that the equilibrium cannot be CPO. This is certainly
true when the initial, PO, allocation is no-trade, so that rank A(\, Z) = 0: In this case, each
open Bs (w, ) contains open sets of economies with a unique, CPO equilibrium and other
open sets of economies with a unique, non CPO equilibrium.

In the sequel, we will consider only economies close to the ones with a PO no-trade equilib-
rium. As already mentioned, this guarantees that, locally, the economy has nice concavity
properties. Later on, we will add some considerations related to the more general case of
economies with a PO equilibrium (with non-zero trade).

We will now make precise the argument outlined above, showing in turn two results: first, for
economies sufficiently close to one with a PO equilibrium, if the equilibrium is not CPO, the
Pareto dominant portfolio must be arbitrarily close to the portfolio of the reference economy.
Hence, in an intuitive sense, local CP optimality entails global CP optimality. This first result
is unrelated to the existence, or non-existence, of trade at the equilibrium. We then show
our second key result: given any economy with a PO no-trade equilibrium, any of its open
neighborhoods contains open sets of economies with a unique CPO equilibrium and open
sets of economies with a unique non CPO equilibrium.

The first result follows immediately from the definition of Pareto optimal allocation.

Lemma 3. Let (w, u) be any economy with a Pareto optimal equilibrium. Pick any & > 0.
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Then, there is an open neighborhood B. (i, u) such that, for the equilibrium of each
(w,u) € B (w,u) , there is no Pareto superior, b—conditional equilibrium with |[b—b(w, u)|| >

¢.

The proof is in Appendix. In view of this Lemma, for economies close to the reference
economy (@, u), each possible Pareto superior portfolio must lie in some bounded neigh-
borhood of the equilibrium portfolio b(w, ). Given that we will now be concerned with
no-trade equilibria, this means that |]5H < ¢, forsome 6 > 0. Without any loss of generality,
we will restrict the analysis to feasible portfolios lying in the unit ball. Let

S z{’zﬂ o] < 1} N {'6| zh:'z}h :o} c R,

Given any i € R, define the map T}, (b,w,u), T : SxE — R, where

Tu(g,w,u) = Zuh"}h(ﬁ(/awau)’a(wvu) ,b,w,u),
h

so that TH(E, w, u) incorporates both the direct and the indirect effects of a portfolio reallo-
cation on the - weighted - sum of the indirect utilities. g (w, u) is the vector of equilibrium
asset prices of the economy (w, u), while ﬁ(g,w, u) is the vector of b—conditional equilib-
rium prices given (w,u). Bear in mind that we are considering economies with an initial
endowment close to be PO. Hence, we can assume that equilibria and b—conditional equi-
libria of these economies are unique, at least for b sufficiently close to the equilibrium
portfolio.

The key step is to observe that, locally, 7}, (b, w, u) is strictly concave.

Lemma 4. Pick any economy (@, ) such that the Hessian matrix D%h“h is negative definite
and the equilibrium is no-trade and Pareto optimal. Fix g = % € Rf+. Then, there is some
open set Bs(w, ) such that the first order conditions of the problem

max TVE(E, w, u)
are necessary and sufficient for a local maximum.
The proof is in Appendix.
Our key result is presented in the following Proposition. Its proof is in Appendix.

Proposition 5. Pick any economy (@, ) such that the Hessian matrix Da%huh is nega-
tive definite and the equilibrium is no-trade and Pareto optimal. Then, for each open set
Bgs (w, ) with 6 < 6, for some § > 0,

i. there is an open set B“"’C C Bs (w, @), such that, for each (w,u) € B¢TY, the unique
equilibrium is CPO,

ii. there is an open set BN“PO C Bs(w,u), such that, for each (w,u) € BNCFO the
unique equilibrium is non CPO.

Remark 6. With trade at the equilibrium, our argument fails. No matter what the net trade
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profile is, at a Pareto optimal allocation, A (X, z) [1]7 = 0. If A (), z) has full row rank, it is
easy to check that, locally, there is a vector p >> 0 such that A (), z) 7 = 0 : equilibria
may be CPO. They do not have to, because not necessarily T (.) has nice concavity
properties, but they may be CPO. However, the story is quite different when A (), z) does
not have full row rank at the PO allocation. This is obviously the case at each no-trade
equilibrium.

Remark 7. Consider an economy with H < (S 4 1)(C — 1) agents. Pick a PO equilibrium.
Evidently, the results of Lemma 3 and Lemma 4 still hold, because they do not depend
upon the number of agents and commodities. On the other hand, there are no open sets
of economies with CPO equilibria. The reason is the following: Consider A (), z) u” = 0.

At the economy with a PO equilibrium, A (X, z) = 0 for p = [, %, } . However, since
H < (S+1)(C —1), A(X z) has maximal rank at each equilibrium of a generic set of
economies. Hence, at the equilibrium of a generic economy, there is no solution but 4 =0

to A(\,z)u = 0, i.e., there are directions cﬁsuch that Vﬁffhc% > 0, for each h. Hence,
our argument breaks down and equilibria are, in fact, typically not CPO.

We conclude presenting an extended example. We pick as a reference point an economy
(w, w) with a PO, no-trade equilibrium. We first show that, for each p© >> 0, the map f#(.) is
strictly concave. In view of Lemma 3, this implies that, for each economy sufficiently close
to (w,w) the first order conditions for a maximum of Tvu(.) are necessary and sufficient,
because any conceivable Pareto superior portfolio can be made arbitrarily close to 0.

Next, picking economies with appropriate matrices A (), z) , we provide

I. an open neighborhood of an economy with a PO equilibrium where all the equilibria
are CPO,

ii.a an open set of economies, arbitrarily close to (@, ) with a unique CPO equilibrium
(since the set is open, for most economies the equilibrium is CPO, but not PO),

ii.b an open set of economies such that the equilibrium is not CPO.

Example 8. The reference economy (w, ) is Cobb-Douglas, with two spots in the second
period and just one asset, inside money. There are 4 agents, with utility functions

up(zp) = oplmap' + (1—af) na)? + B (ap Inzpt + (1 — of)) In2;?) + 67 (af Inzp' + (1 —of) Inz

The parameters of the economy are described in Table 1.

The b—conditional indirect utility functions are
~ 1 _ 1
Vi) = In(pPwp —by) + (2 - 9h> In (p'w} + bp) + (2 + 9h> In (p*wj; + by)
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Table 1: Parameters of the economies in Example 8

1 1
- <a22 Inp® + (2 - 9h> ap?Inpt + <2 + 9h> oz’ lnp2> .

We will consider in detail two vectors of perturbations of the economy: 6y = 03 = 0,

01 = —01; a' = 0, ai! = a3' = 6% and ! = 0 (and then equilibria are CPO) or
= —20 (and then they are not CPO).

By direct computation, the b—conditional spot equilibrium prices (computed for feasible

portfolios) are described by:

~ by — b, ~ by 4 b o~ by + by + 2b
~0 2 3 ~1 1 3 2 1 2 3

First, let’'s check that, in a neighborhood of the reference no-trade and PO economy, we
can describe CPO allocations as a solution to a concave optimization problem. It is easy to
see that each CPO allocation can be described as the optimal solution to the optimization

problem

maXT Zuth h) subject to Zgh = 0,
h<1 h

for some i >> 0. Moreover, if an allocation is not CPO, it does not solve this maximization
problem for any vector p >> 0.

Fix = {, é, } . The easiest way to check for the concavity of the optimization problem

is to compute the second order derivative of 7),(.) with respect to (5,15) and then to check
the sign of the quadratic form for the feasible directions, the ones with Zhgh = 0, and
the associated prices. Notice that we consider the b—conditional equilibrium price map as
function of [51, ...,EH,J , i.e., imposing Zhgh = 0.

By direct computation, using the formulas obtained in the proof of Lemma 4, at the refer-

IAB-Discussion Paper 22/2018 12



ence no-trade and PO equilibrium,

1 1 1 1
—356 U 0 0 5 —s512 %
1 1 1 1
0 g 0 O 5% ~—s6 ~57%
1 3 1 3
B 0 0 -2 0 2% —52 512
2 _ S U S 1
D (’E,“)Tﬂ - 0 0 0 864 288 576 1152
11 3 1 3 g 0
128 576 256 288 384
R NS WS N B U4 0
512 576 512 576 384
_1 1 3 1 ¢ 9 35
L 256 576 512 1152 768

To compute the quadratic form on the subspace of the feasible perturbations, we restrict
= —= ~ ~ X —=
its computations to the directions d = |db, — ), _; dby, —DﬁZ‘ngZdb , Where db =

[dgl, oy dbgr_1 |, i.e., we pre-multiply D2 _T),, by the vector

(b7m
1 1
L o [ro0 10— &
— 1 1
d=|010 -1 &£ 0o L],
1 1 2

—=
and post-multiply it by d 7. We obtain

—89771 —19296 —25727
—19296 —40968 —18540
—25727 —18540 —-101651

Fi [D2~ T } Fr

(b.p)" M 17418 240

The leading minors of this last matrix have signs [—, +, —|. Hence, it is negative-definite

and the first order conditions of the optimization problem are necessary and sufficient for

a CPO equilibrium. Replace the feasibility constraint into the objective function. Then, the
FOCs are given by

th’ghf/h\ﬁ_ “HV'EHVH‘?@”} + Vghjo“: 0, foreach h < H.

> un ViV
h

Given that Vghvhb = 0 at each equilibrium, if [Zh uhV,;f/h} = 0, the equilibrium must be
CPO.

Let’s now consider the matrix A(\, z). When evaluated at the equilibrium of the reference
economy, it is given by

~SSn__ SSsn__ SSsSn__ ~Sn__
N2 NER e N
—02 ~02 =02 ~02
A(A, Z) = ’
1 ~12 112 112 1 ~12
-(3-0= —2%2 —273 —(3+0)z
1 =22 1522 1522 1 =22
| - (G+0)= —2% —273 —(z-0)7 |

and it is trivial at each no-trade equilibrium. We consider three cases:
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i. Let ® = 0 and pick any a$?, a3?, a$? such that the associated A(), %) has full rank.
Clearly, A(X, 2)[1]T = 0 and the equilibrium is PO. By continuity, at the equilibrium of each
economy in some open neighborhood of (@, @) , A(), 2)[u]” = 0. Therefore, UTQ%A()\, z) >>
0 has no solution and the equilibrium is CPO.

iia  ai? = (0,0,0), a5* = (0,6%,0), a5 = (0,0,6%), aj* = (-0, -0, —0) . Evidently,
2 2
L 1959 =28

AN, 2)u” = 0 has a strictly positive solution, 11 = 1) . Hence, there is no

direction chLsuch that d—pLA(X, Z) >> 0 : at each @ sufficiently small, the equilibrium is CPO.

ib  Letai® = (0,-26,0),a3* = (0,62,0),a5® = (0,0,6%), ai? = (—6,20 — 62, —6?).
The associated matrix is
_)\1 752 _)\5”752 _)\3 752 _)\4 752
— 0 0 0 —0
AN Z) =
AA=1 _1lp  1e 0 (b+0)2-0)0
0 0 %6’2 — (% - 9) 62

At the solution of A(X\,z)u” = 0, iy = iy and a3 = (1 — 26%). However, [i = 20 —
7 < 0. It follows that there is a direction c% such that chLA(X z) >> 0. For instance,

[1,1,1]ANZ) = [2,3, 3, ] 1] 6% >> 0. To compute the change in portfolios inducing such

a price variation, we solve dp = D—gﬁdb, ie. db = [D—I;ﬁ} dp

(d ] [ % s0-5a 22— B (1] [ (24+30-54) ]

o 35 35 i
dby | =1 2 18-6 350> | |1 |=]| (-62-0+53) |B=db(B).
_d?;g_ | -2 18—60 P -6 | | 1] | (—0*—0+18) |

By constrgtion, the b—conditional equilibrium price vector associated with the (feasible)
portfolio (db, (6% — 6 — 17)) is p(db) = [(1+ B3), (1 + ), (1 + B)]. We now compute the
~ ~ =2
values of Vj,(.), for each h, replaci%; the b—conditional spot prices with the map p(db)
and using the portfolio perturbation db (3) . By direct computation, the derivatives of I7h(.),
h =1, .., 4, with respect to (3, evaluated at 5 = 0, are given by the strictly positive vector
(3,55, 1. 15 0% Hence, the equilibrium is not CPO.
In Figure 1a and 1b, we present the changes of Vh(.), for h = 1,2, 3,4, in a neighborhood
ofB:O,fore——andH—m

The last two parametric examples essentially define two distinct paths, parameterized by
0, in the space of the economies. For all the economies along the path defined in (ii.a), and
all the ones sufficiently close to them, the unique equilibrium is CPO. For all the economies
on the path defined in (ii.b), the unique equilibrium is non-CPO. The two path cross at the
economy with the PO, no-trade equilibrium. In terms of efficiency properties, this economy
is critical. In fact, it is a critical point of the map D(.) = >, di, where k indexes the
collection of the determinants of all the submatrices of A (), z) .
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4 Conclusions

In this note, we have analyzed CPO of equilibria in GEI with a finitely large number of
agents for economies close to one with a PO equilibrium allocation. Suppose that, at this
equilibrium, the matrix describing the impact of price changes on the attainable utilities has
full rank equal to the number of non-numeraire commodities. Then, for all the economies
sufficiently close, the equilibrium is CPO at least with respect to small portfolio pertur-
bations. It is globally CPO if the equilibrium volume of trade at the initial equilibrium is
sufficiently small. To the contrary suppose that, at the equilibrium, the same matrix does
not have full row rank. Then, each open neighborhood of the reference economy contains
open sets of economies with a unique CPO equilibrium and other open sets of economies
with a unique, non CPO equilibrium. We formally establish this result for economies where
there is no trade at the equilibrium (so that the matrix has rank 0), but it may also hold
whenever the row rank of the matrix is not full.

5 Appendix

Proof of Lemma 3: Local uniqueness of equilibria is obvious. Suppose that there is no

oo
v=1"

(w’,u’) — (w,w) such that, for each v, there is a portfolio profile b¥ such that the associ-
ated b”—conditional equilibrium allocation z(b",w", u") Pareto dominates the actual equi-

open B. (w,u) with the stated property. Then, we can construct a sequence {(w", u")}

librium allocation z (w”, u¥), and such that |[b” — b (w?,u”)|| > &, for each h. Since all
sequences can be taken to be convergent, b¥ — b°, (q(w”, u”),ﬁ(b”,w”,u”)) —(¢",p),

and ¥ — z°. Moreover, by continuity,

Vh(ﬁpaq’g;)wvﬂ) - Vh(w7ﬂ) 2 0,

Since, for each v, |[b¥ — b (w¥, u?) || > &, it must be |[b” — b (w,w) || > £. Given that R has
full rank, this implies =° # Z. This is impossible because utility functions are strictly quasi-
concave: since =~ # 7, foreach w € [0, 1] 2™ = 7w + (1 —7)z" is a feasible allocation and
it is strictly Pareto superior to Z. This contradicts the PO of 7.

Proof of Lemma 4: We are going to show that, locally, the matrix D(QZ@THO (E,w, w)
= = =
is negative-definite when restricted to the direction {db,Dgpdb] , where db is a feasible

portfolio perturbation, i.e., one with ), dgh = 0, while, by the implicit function theorem,
_ -1~
D= - |DpZ] D37,

where Z(.) is the b—conditional aggregate excess demand map. By direct computation, at
the equilibrium,

2
D% T ()
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B 8‘7:(1)2 d~SC 7
abl T ob!
1 v A1 . .
s D5, V0 )lo=p —diag %4 : :
" M 075C 0z8C
obf; by
oo
. b} 8b{1
—diag <)\5> : : —diag < > [D Z( )}
Y| eme 935¢ .
i ot b ]

(2 V) ~u° follows from two special features of no-trade, Pareto

optimal allocations. Let diag 5 ) be the diagonal, ((S + 1)(C — 1)) —dimensional matrix
1

with non-zero coefficients given by the normalized state Lagrange multipliers evaluated at
the equilibrium. By the generalization of Roy’s Lemma to sequential economies, and our

The simple structure of D

choice of the vector 1”, at the equilibrium
~T °o = deg ()\h) zZp = —diag (XZ) ZEh,
h

because, by PO, the vectors A} of normalized Lagrange multipliers are agent-invariant.

aAb z:¢. Hence, the top right
h

(and bottom left) submatrices have the simple structure reported above. Consider now the

quadratic form

j
db

- 57| "' p.Zds

Zio hD%Vhﬁh—kdiag()\")ﬁ D77 |DpZ| 1[ ;Z}d%go,
h h

j
with strict inequality for each db # 0. The last inequality holds because preferences are
strictly-concave, by assumption. Since there are no income effects, the matrix DI;E is
negative-definite. Thus, its inverse is also negative definite. The inequality follows immedi-
ately.

Proof of Proposition 5: Given Lemma 4, by regularity of the equilibrium map and of

the map TH(.), there is an open neighborhood of ((@w,w),0), let's say Bs (w,u) x Bs (0)

1

such that, for each 7 close to [y5] , the quadratic form {D%

(b,ﬁ)T"
= =
librium is negative-definite in each direction [db, Dyp(w, u)db] for each economy (w,u) €

evaluated at the equi-

Bs (w,m) and each b € Bj (0). Taking into consideration Lemma 3, without loss of gen-
erality, we can assume that, for (w,u) € Bs (@, u), if a Pareto superior b—conditional
equilibrium exists, then the portfolio profile satisfies b € B (0).

i. To establish the first result, given (w, @), it is sufficient to perturb the initial endow-

IAB-Discussion Paper 22/2018 17



ment, using a standard procedure, obtaining a new economy (wo,ﬂ) such that:

a. the equilibrium price vector (p, g) is not affected,

b. the matrix A (X, z°) evaluated at the equilibrium of (w”, %) has full row rank (S +1)(C —
1.

Pareto optimality of the equilibrium allocation z° = @ implies that A (},2°) [1]" =
e, AV = A (N,2°) 1177, where A\ (X, 2°) is a square (S + 1)(C — 1
dimensional matrix of full rank, while A~ (X, 2°) is given by the residual columns of A (X, z") .

0,
)-
By continuity, for each economy (w,u) in some open neighborhood of (wo,ﬂ) , there is
p >> 0suchthat A (), z) u” = 0.

The proof is by contradiction. Consider an open ball B, (wo,ﬁ) C Bs(w,u). Suppose
that the unique equilibrium of any (&, %) € B, (w”,u) is not CPO. Then, there exists some
b € B (0) such that the associated b—conditional equilibrium allocation z is Pareto su-

=2 SO
perior to the equilibrium of (0, u), Z. Let db = [b — b} be the associated feasible portfolio

perturbation. Pick 7z >> 0 such that A(X, 2)i" = 0. As established above, such a Ji exists.
Since  =po T, for each u >> 0, fﬁ(b,@,ﬁ) > Tﬁ(b,@,ﬁ). Using a second order Taylor
expansion,

~ o~ ~ o~ ~ o~ ~ o~

-1 s
Ta(h,2,0) = Ta(b,0,8) + ViTa(b,0,a)db — V5Ta(b,0,7) [Dﬁz] D Zdb

(b.p) M
some 6 € [0,1]. Evidently, at each equilibrium, ngﬁ@,@,a) = 0. By our choice of ji,

Vﬁfﬁ@, @,u) = 0. Since ¢ is induced by a feasible portfolio perturbation, ¢ [D(ngfﬁ (.)} T <

=2 = - -1 - - =2
where ¢ = [db, —dbD; 27 [Dﬁz} ],while [D2~ TA(.)} is evaluated at b + @db, for

0. Hence, T,;(E, w,u) < Tﬁ@, w, u). This contradicts the assumption that the b—conditional
equilibrium allocation is Pareto superior to the equilibrium allocation Z. Hence, the equilib-
rium is CPO.

il This second result is essentially established in Prop. 11, in Mendolicchio and Pietra
(2016).
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